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Abstract

In order to improve the noise and vibration characteristics of mechanical structures, it is well known that an identification of
modal properties is important. Therefore, experimental modal analysis is widely operated for identifying modal properties
represented by natural frequency, damping characteristics and mode shape from vibration test result. However, in the case that
the damping characteristics is very small or large, it is difficult to identify the modal properties by the existing method. In the
previous study, we proposed the identification method of natural frequency and damping characteristics for a lightly damped
element. This method using simultaneous equations of the real and imaginary parts of frequency response function is the one
degree of freedom method and can not be directly applied to a multi-degree-of-freedom system. In this study, we propose the
identification method for a multi-degree of freedom system by using both simultaneous equations of the real and imaginary
parts of frequency response function and mode separation method. First, it is explained that the theory of identification using
simultaneous equations of the real and imaginary parts of frequency response function in one degree of freedom. Secondly, we
investigate the identification accuracy and the analysis frequency range including the measurement error and non-targeted mode
components. Finally, it is shown that identification result of modal parameters in multi-degree of freedom system using
numerical analysis and its validity.
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1. #&

PR S OIRBIBE S 2 U1 C 895 72 O, MG DIREVR A LR T 5 Z L NEHETH D, D7),
X DOIREFABROFE RO FAREE, W, £— FRIRTRINDT— FREZFRIE T 5 EFE— Nt
IR TER SN TS (FA2, 1993) (Ewins,2000). G672 FERT —Z ) HE— RFEZRIES 5 51EE LT,
JE AP ISR, A CIRRET U K DRE R 8% < OIFERR S TEY, 82 < ORI
RPWE SN TND (B2, 1985). 1T JEBEBEEIE TR S —RANICFIA SN O THY, [AET1 7T L
ELTHMESN TV D DB H D (B— M > N7 v ZfREZRE SR, 2000). 1 HHEEE LTH—
TR =ik, B— RHESERH Y, 2 ABEEE LTl Complex mode indicator function (CMIF) 7% (Shihetal.,
1989) , Least square complex frequency (LSCF) % (Guillaume etal., 1998) , Ploy-reference least squares complex frequency-
domain (PolyMAX) 1% (B 21X, Peeteretal.,2004), {@orsiElE (B, &FF, Fta, 1990), 5y Z2llalE s

(R, 2007) 238 % . ITAE Tl = v =—faifb 2R H L7255 BB STV 2 (Sitarzand Powalka, 2018) .
— 5T, WEEFFEDFRERRIINT S Z LN (HEl, 2007), BERRHENIEFITNS VY, ETRE WY
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A, BRUTR L72ERETIEE— REREDRENEE L &0 ) RIE D RBEI STV 5 (Rrfil, 2013) (R,
FHE, 2015) (A, 2015).

JEBEEIES K 5 — RO RER TR B R kFE L TR T 5. ~—T U —E TSR
BB (BLF, FRF £35%) OIIRE—7 OIEDNFEABAR2NEE ORI/ NI WIGESC, HIRER LTS CJE
WBUSE BN AR T D Z EMRGESNRWVIE CIRENRKE WA IIIREHEENE(LT 5. T FHE
BEOGAIIFERO 72 AR REE T 27 A A MRIX EOM T — 2 I 3FSMHEICEE 5720, fERE LT
MIEES ORBEMET L, BeRhORIERZE L 72D (R, 2015). 2O X 5 IZHERD 1 AHEE CEREELS LW
EERICBWTCEE— FEME2 BB EICRET S Z &3 L. 2 HBEECBWLTHIREER XL OEESR
BV TIEE— REHERENEE L WGARH D, CMIF IETIXE 44U 5 FRF 255 L, $RUESfRE1T
92 LT, | HHESRO FRF IZHBET 5. 0%, | HHEEZFH L Ce— REEEZRET 2 H1ETH S, i
B2 L TREROT— REHEDO RIE L 2SO NDFIRZET 50, ZASIRALEIZ X > T3l 1| HHER
D FRF [ C&7an02 &, kD 1 BHEEZFIHL TWD Z &0, EFEERT— FEEOREIZE L.
LSCF #:35 L O PolyMAX #1322 HHERD FRF % z DZIENXTEEL, K/ FEEZFIH L CHET 2 HET
HD. PRI 5 HHES% Stabilisation diagram & FEIN DX ZFIHT 5 Z & TIMETE S5 WO FlHAEAL, F#
HBDSEFEOEWHIETH S, —F T, FRF O20 % —FEICEY W E— RFHERET 2 72O KEOT —
HAFERMETH Y, FFED EREECRE SUAFET DR N ERICEY LY 52 255080 5. WyKIE
EOSGE, FREISERRIC BT — RRIEZ 25K E L2 1 P E 8 L, SRR D350 & i
DRAFEN/INT 72D X OB A NEH BRI VI A SE 5 HETH Y, PloyMAX i & [RIERIZIR ) 7 kT
b5 (R, £, 1983) Gk, £fa, 1988) (Ekf, £ia, 1990). HEZM, ZAZRO L0 5
ZEIRTED., LLRRG, PIHMEL 72 5 — NEEOHEEEZ, HASBROLAIIMERD 1 BHEEEND,
% RBROYATE CMIF £ ED DR 5720, FBERFECTERWEERH . HnZEMFEEEICBOTIE
VIR ARE Ch 5 2 L0, FTERERIED X TN~ ) v 72 L ARERFA L8B30 T b Sk [H
ETEDLZENFIETHS (HEH, 2007) (HEH, 2013). ST — REEE 2 i 2o L THZRIMER
IRENTNDD, L0 EENRE— MEEAA T HRGHEEICH L CORMMETREN T . BLED XSz
SR, MERICHIEH TE 52 HHEEOMIRITEE TH 5.

EH OITEM BN SR OB & FE AN S, BRI & s A R T ARG L, B
OREEEEIC BT 2 HEREE L DL LT, N REC > TRESZFET 2 HE (1 BHEE) %4
FL TS, ZOHFETFRNEER E € AT U U ARERICOESICHEA T, (KREREEREE X FE
TEDHZEAWMIEL WD (arkHt, 2013) (alAffl, 2015) (Kawamuraetal.,2016). 7233, Fifod LSCF #:35 &
UM PolyMAX V5% FRF Z 8RO F M0 5 23, JEREUSE BRI & S oEN. 2 - D 1A Tl &
FEERDO TR B H L CHEZIT> TR Y, T— FEEREOFHFBEBRELEE CHS. F72, T— NFEED
RIERITERIAA SN2, (RO 1 HHEEICHAAMEREEER, @RISR D O3 EEEIC T — RREA F
ETHZENARETH D, T D=8, JEREI RO REES & FZE D8N 2 VD 5142 % H i EEICHET 5
ZencEuE, FRARZABEECRD EEZOND. L LR, FEEISERER DI & BEERoENL A
ARECH LD L1 AHERO L ETH D120, TOFFELHBER~EHTE /0.

Z 2T, AR TIEZ B HELED—D>Th 5 — RBEEICEREUSE B OB & FE O A FIH L=
— FEMERIEEZEAT 2 2 8T, HER, @RI O FEREEICE— FEEE2RETE 5 HiEE2RE
T5. 708, KB W CIHEASH, e A7V RAWRERREMRETH. LT T, 1 BHERIZEIT S FRF
DT & R OBNL 2RI U= — REHEREOHGER 23 L, ZHHBEE~OIET 5 HikEik~R%. £—F
SEEERRIIZ BREETH D0, EAREE & MERRRE DT — NREMEO R 3 IS E B O & 5=
EROMENT & WA 51 (1 HHRERE) Z2H0W5. 2072, 1 BREEZEHT T — 2Tk LT/ A4 RADORAR
H A DF— R DNRA L7258 ORERSEE & BT — 2 OFFHIZ OV TREET 5. etk )T — Mg
JEDFENNE A B SR OT— REHEREICRE T 25l 2~ L, ZOAIMEERT
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2. RRBEERROEREEBOEILLZFIALLE— FEERE
2-1 RFERBUCER#BEE— FEHE
N BHEROEEZ 255 E LT, AGiTe i1 5 THLEL, BREr L LIEBEDOFRF 2 H. & L,
ALFIGAT U RERNBRE L TEZD. pIROET—RD g HHER S & ¢,, £ T5 L, nRE—RETERALE
& XOMEEDEEE 1T D He I(TIRD L HITHZBI5.

3, 9.,
1 ¢r ¢e z k
H,, (/)= L — : |
L0 e -y o) [ ®
S !

RE, my, klIpROT— NEE, T— FAlEE2ET. 20L& &E— FRRED/ T A —% 13 p ROEH IEEKL
Jopr FEEIREARE L, [EAE— RO/RT A —=Z EE0H(d, dep)hy (CAT, 8EET5) &7edH. 723, FRFIC
K UT fopy M IIEEETH Y, (dp dep)h ITFIFETH 5.

ARFETIE, FRF OEH L IEFOMESN ZFH L7-F— FREMRIEEOR R ZRITT 5720, pIROT—H DHD
1 HHERZXRE LTE— RFEDO/RT A =2 %2 FET 5. 2B pIROHD FRF ZIRD X 912785,

bty Db (1_ s ] bisbon ()

2
k, kK, ﬁw+j k,

e (L) Y ¥
f:p]”"*” [1_1‘2}“7” [l_f,ij e

np

(p)

()= (1_

2-2 1 BEHERIIEITSE— FEEOREER
H2) % I8 Hr & REHE Hi DIEIC L, RIS D LRD KL D120 5.

b10es [1_ S ]
k, S )
VAR Hl(f):f 3)
EENNGE
ZIT, FEMEEHOLLAERDIEHT L L, RO XD GrkHE, 2013).

H,(f)_ 1 H,(/)
Hy(f) 1 Hilf)

¢,~,l,;¢e~p . n, )
H (f ) =

frn, BBV H,(f)fzf%—HR(f)an,(f) @
np
KO EEO R E T L CTHRNET 2 Z & D, FEBRE V155407 FRF 25 HyHy Zi¢lh, Hy/Hg % Rl
& ERUEEERAE ROIUL, ZOME DS EF IR f,, Y0 OREERRESE D, 2 RODL LN TE S,
WS B D RS & FEROMNL & FN D FHEOHSIE, HHRE— 27 OTEENRH TH - THIEOT — 2 3%
NWIERIETE 548, ab—L U RBAR ER2 IR LT EATRIE L RS TH L BmNFET b5,
ZHMERTHD FRF X LT 1 BHEROEHEZE 27256, BRSNOE— RGN EEN TS0, [F
TERRZEDRFEAET 5. T OFRMITAT— RO BA R O FREL T GO RFENA R E WA L <SR
£5. B OT— R RERE & S, FIERRAIWE Z CHEEITEL D&% &, &K (Kawamura etal., 2016)
L0, FEHLEmAEN L TR LN FRERITRA TR ENS.
Ny 27

1
zfnzp_HR(f)np-'-?_ 7

HI(f)f =H1(f) %)

B, arTIAT A EMRIIK@G EXG)EEH LN, EC YT 4, T7E2LT7 A THR@)EG)ITRNL
T5. ZHHEROREICBOTUIRG)ZFHAT . @O TIL/ A RIRARFOREHERZECR AT 5.
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2-3 REIHZEHEEE

1 HHEEZFAHLT, ZHAEROE— FREZRIET 2 HECE— FMoBER 5. FIRIZLLTOEY T
b5, BN EEREEENOT X TOMREE— 27126 LT, 1 BHREELZEHAT S Z L TE— REEDTE,
EEFETD. WICEROET— RUSOE— NEPEOUTEE A2 B PSR L 72 FRF %, FEBR XV 1572 FRF 75
ZLBIK &, REEZGATENOE— Ry LD, ZHUSK U CHE | HHREEZEATUE, Sohizt—
REFEDKSEEIZ BT 5. Z O AZ LA E— RIZOWTIITT 5. ZO—#HOFHE A2 E— FEMSINRT 5
FT2E, ZHAEROT— FEEZFRETEL LW I HETHD (B, 1985). Z0F— Ro#EEL AW D
Z LT HHEETH ARSI BIE O & SEMOEN & 5 k% V22 B HE R OT— REFERE
ZAREICT 2. 7o, Am L TIEXERR) O3/ FRF %8R FRF, [AE L7-E— FFrE L Y FAERL L7 FRF (37
BrFRF &3 %. F£7-, KM CIE5ESR FRF 3 JOWT FRF % FRFeyp, FRFuw & L ORT.

F7, WET—¥ Th DL HHEROES FRE 2> bR fa~ f 23RO D. Z0 L X, EEREGF
REZ Af, JAPEEPANO 2T — 2 fidka L L35, SOICZORENICHLIEIRY—7 % 1 HHERE AR L
T, T— FRHEAFRET 27O OFMITXE 2 ET 5. HEEY— 2712 L CEMOE— REERHoIcs L
TWbOEEEZEZ2DE, R@OELVLUTORBNLT 5. 208, fru~fuldxtGie Uiz p ROT— AR L
PNOXMOEREITHY, HIFTKENOT — 7 fifka £

_Hl(fpl)fz 1_ Hl(fpl)
HR pl HR fpl
HI fpz 2 1 HI fpz
1,07, =, (©)
s =, ;
Hl(fp/)fz 1 Hl(fp/)
_fhiﬂﬂ ] m,(/,)

Hl(fpl)fpzl _HR(fpl) 1 _fpzl f"i’ HI fpl)
HI fpz fpzz _HR(fpz) 1 _fpzz T _ HI fpz)
: : s (7] ™
m ) -l )
z

KO) DN (DL, FREATHIOERELS TS 2RI 5 Z & CTREIAREEL & R s R T 5 Z &
T&E 5. I, FHENAE— FOBA R &SRR A XGITRA LT, #UPHE CH L BB FET
. EB— ROHHEIZOWTOEITIFRICIBWTIE | BHREFHICREEZ RO T H2Y (Wangetal., 1984), Z Z Tl
KEGLEETHEDR [~ f5\ X L TR ENDZ B HEOR A — IRk 5 Z & CREHERN 24X 5. B
AT TEEND. BEIZ OV T OB THIOSELFATH 2R T2 Z L TERETHZ N TE 5.
728, R(EHAWT=E— REFEREDEA, KT — NICk U CRIAE & & RIGAWENRE 223, ZhbIixBr
DE— ROBGIIHT D E 72> TEY, K@IIFFIHLZWS D ET 5. 72721, G 8Nt —
RIMELE L TWASAITIE, BRI OFARK DT — FORISE &R, Sk DE— RORILRIMEEZES
HZEMTED, KE®) LV E— FRMENT R TRED, FF— NTKHIST 2T FRF 1ZXQ)E W HEHTHZ &
WTED.
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fL+Af (fLJrAf [fL+Af P
1- - 1- - 1- -7,
fnl 77 fn2 77 .. f‘nn 77 ¢r,j€l
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1— fL+AfJ +7712 1_(fL+Af] +7722 1_(fL+AfJ +773 2
fnl fn2 fnn ¢r” ¢e,n
o P : P k. ®)
Ju S Ju
1- -n 1- -n, 1- -7,
[fnl J 77 (fnZ 77 (fnn) 77

| Relr, (7, el (7,
Re{H, ,(f,)}+ImiH, (1, )}

RIZH DT — RUSOE— REEOUT PR BT L7-f#T FRF %, 926k FRF 62 L5\ e T —# (T
® L TR(TDOFHFEZATV, B IREL & SRR O A EHT 5. 2F— RT3t L CREBROLIEN TE UL,
KEO)DFHFEEIT, BEOWEEEHTH. Z0OLICLT, VRLHEEZITI Z & TRETH/357 A—F Y
WL, B— FREESD ZENTE S,
1 © 2 HHEROER FRF % BAGNCEHARTFIEZ RT. 526k FRF [TGRZ2ERA L CWRWEERR 7T 7 &
LI RE LT, JEIEfRAEIZ 025Hz & LT, JEIEEIXA 40-50Hz (I=41) &3 5. X1 OIFFHTFESR FRF
THY, ST pIKE pHl RE—ROKFRF 7 —4 ThbH. 7, | HRHEEZBEHT MM 2RO 5. 2

o

ZTClEp k& pHl IRD FRF (5337810 % 44Hz 55t & LT, p IROFFNTIXE A 40-44Hz (1,=17), p+1 IROFEHT
[X[H% 44-50Hz ([,1=25) &T%.

Ja Ty
30 —L
R Parameters
35} f
[~ 7, |
) Mode 0 Pe
= 40| H S /, [H7] n,[] Gser g
= o ¢ number »
545 of
3 M » 43.0000 5% 102 1%10%
2 \QOQQ
50, 0 ptl 45.0000 5X107? 1x10°*
lp le
-55
40 4 44 46 48 50
Frequency [Hz]
Fig.1

FRF of the two degrees of freedom system for explanation of proporsal method. Target frequency range is between f,
and f;. There is not a measurement error in this system. Number of measurement data in the target frequency range is
L, each number of analytical range is /. Index p and p+1 are the modal orders.

ANZEFMA LT, SMTXEOT — 216 L CHEAREEL, MGz zhechkn 5. ISR A
IRES L UHER R Z IR A LT L SOT =2 0688 RD 5. U EXVEONIZE— RFrEE K
OIZRA L THE— FOMFT FRF 28095 Z & T, £ HHBEROMT FRF 2155, KIS, p IROMFTIXH D
BR FRF 725 p+1 IROFFHT FRF 27557 L,  p+1 IROFFHTIXE DGR FRF (2O Tl p IROFRHT FRF %757 L72
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tHOWCHR LT & 0 EAIREML, SRRk E RO 5. B L EAIRE s L oS Rea sk z &ic, K
OV LV EEAERDSL., ZOEEEABVIR AT Z & T, F— FEESEORERE LM L5, #0iRLEHED
SIS 0 I LR i o BRRE- 13T — RO EHEOZLEN Bl Z Tl 72t L, ThL &
DOF— REEEZ RIERER L 5. AR CIIREIE J & L TRT A —% FHRI% O ZELED e VHP LR O
il & LTkl v,

¢,,p¢e,,,J _[¢,,,,¢e,pJ 2
iﬁ@ﬁl(@luum}+iihjhﬂlﬂm%+§:( S )i\ B a0

4,9, ©)
k i—1

14

p=1 npJi_| p=l PJi-1

J =

3n

HE— REFEOIRZ T i E 7213 -1 13 0 R LS A L TR Y, Z Ok 0 IR LRI 2 ORI
R LTWD, AR CIIUICREEORIEZ J=1.0 X 102 & Uiz, [X 2 13EMHTIX O B #0DE— ROf#HT FRF 0
IbER LI b OB D, M2 X0 YR LA LT, SARTKMOMYT FRE XA L LT 5E— KEED
FERFRF (SN TN D 2 E D5, ETe, B REEORRORIERE E Z245F — FREOMHXRZED 5
VEPPIROME & UCRHET 5.

4 %10 (10)

) {(fn ), - (%.,) 0}2 +Z":{(f7p),—(f7p)A x100}2+i [‘/’Zp l_[%,,l,fp ]A

(U,;)A

p= np )y p=1

—

E=

3n

WATO NIFEME, AFEEEZRL TS, X3 13540 K LRSI 2f##T FRF 02 20 L =
DOREREZRLTWAD. K3 kY, B FRF ST FRF ZRAFIC—H L TWD Z bbb, 728, 22T
R UTZRHRBI T 0 - LI 6 RICRRIMEE FElY, SRS T L7z, 0 UFHEEENE 2 512060, [F
TEREREN E L CWD Z ERbnsd.

PLED X5 e FIENRET 5 HETHS. £ — NRHED 5 BEJEE TH 24503 (8) L v 326k FRF 7~b i/
TIHEEFIH L CEICRO S Z LD, FO, REEOREREEIL 1 H B EEE RO A REES X
OISR EAR ORI IEFT D WA D, RFETIE 1 HHEEICBIT 2EEERICOWTHR L, £HH
FERERFIC G- 2 5 5B DWW T T 5.

35 -35

) )
S, 40 | S, -40
[} 9]
E z
E — FRFCXp (p-mode) E — FRFexp (p+1-mode)
& 45t -- FRF_ (=) | 2 45{- o - FRF_ (i=1)
= Y. - FRFam (i=2) = - - FRme (i=2)
%)
] - FRFaml (i=6) - - FRme (i=6)
-50 : : i -50 : :
40 41 42 43 44 45 46 44 45 46 47 48 49 50
Frequency [Hz] Frequency [Hz]
(a) p-mode (b) pt1-mode

Fig2 Comparison of FRF of each modal order between experimental FRF and analytical FRF. i means number of iterative
calculation. As the number of iterative calculations increases, the analytical FRF shows good correlation with

experimental one.
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32 327 -32
34t 34 34
jaa) jea} ea)
=361 = -367 =.-36
3 3 3
2 -38 2 -38 = -38
= = k=
240 2 -40 ' -40
s | ——FRF_ < ——FRF_ S ——FRF_
42 —t FRFana 42 9 —t FRFana 42 1 —t FRFema
-44 44 44
40 42 4 46 48 50 40 42 4 46 48 50 40 42 4 46 48 50
Frequency [Hz] Frequency [Hz] Frequency [Hz]
(a) Number of iterative calculation /=1 (b) Number of iterative calculation =2 (c) Number of iterative calculation i=6
Evaluation of the error £=100.94 Evaluation of the error £=4.81 Evaluation of the error £=0.03

Fig.3 Comparison of FRF of between experimental FRF and analytical FRF. i and £ mean number of iterative calculation
and evaluation of the error, respectively. As the number of iterative calculations increases, the analytical FRFs show

good correlation with experimental one and evaluation of the error £ are improved.

3. JAXEEBMNDE—FEIDEAIZK DREBREADTE LUIVRE

3:1 /A4 XEADKE

| HHEEEZERTHENICEASNAOET— RORGBRAL TOWRWEAEE 2, /A XEAIC X DFRER
JENDEEEEZZ D, ZOFRMIAT— FOEAREE OFRRE & BERRERFET 228, AHCIE+H2C 1 8
HER E ReE 2FBR FRF W07 b0 L35, 1ERIED | HHRERICHIT HME E U TIIEERE S ffE &
HIREEE OBUR HIEFE ORI EEENE(L T2 Z LN 5D Gk, 2015). BB REN & A
IREVEL 1, DRIFR E LT, X4 DX D 70RIEAE 2 5. JAW U FREIX 025Hz TH Y, [HAIREEL % 45Hz (T2
Lo TS, Y SIS PAT ol E45 Pattern OEA IR AR L THY, vy b AL d O X% FRF OF
— X EERET. B, EBRFRFITGAELZEAL CORWEAER R T 78 LT A THY, KF— REEIZONT
B4 2PFFE L CR . Pattern] (XHIEE L & A IREEIT 2L, Pattern2 | 3JHI7EJEHEL & A IREML D720
1/44f, Pattern3 (FJHI7E B S & B IREELOZEM 1247 Th 5. [X] 4(a) & (b)DEWIIEERRIFEDORE I TH D
S, HEEHRRE NS < e D LR Y — 7 OTA LA IEMICTHI CEX 2 < RD Z & bnd. ZhEKE Y
PERIED 1 B EEVE CIRBER FREDIEF /N SWIGEITIEREREN BT 5.

FZBR FRF % (6) 1B L OGN LE— REEZRE LSRR L0, KT — FEEOREE 1 LX) 4 1R S
TWAEENE Vy OFXRZEEZFHMET 5. 728, MR8 1 BHERTHS -0, 1| BHEEE LTXEOZEFHLT
W5, ABREEIFR A TRHEA T D.

. V.-V
Relative error = % x100 (11)
A

5, 6 IXTNECHAEEEARES 1 X102 L 1 X104 D L XORIEHELZE LI-bOTH D, Sl EAIREEL
el & UCEAMFRCERH L2 B O 7 — % 5 Th 0, fEli 3R EEZ R LT 5. K 2)3ii 27 L,
2(b), ERHAIT —ZI2 /A4 ZANBA LTS G Z2/R L TEY, FREF OFEEEIROET — X VM 1, Yk
7% 0.01 £720% 0.02 DEEEZFEULI-bD AR E L TE— FEEDORIEEITo IR Th 5. b, R#iT—
HZIEEASLHNRIE, REZMBHROMIE TIL, FEERTHOILD FRF 24483 5720, W27 — & THR S
72 FRF DI & I 2 N EIUEHE(RZE TR SN D EE A 5 2 2 FIER— RIS TR Y, AWFZETH[AER
DIFEERH LT, & ORI OW T TIE A2 23 1 E LTz (Kawamura et al., 2011) .
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Or oo 100 r oo
| | | 1 I
o —S— Pattern | P
S Lol 80 | _o— Pattern 2 A Lo
— S — —&— Pattern 3 ! \ |
810t R o 6ot LN
— | | [t o1\t
Q | | | 2 | 1
ERE e i L \
'S Lo = [
2 90 - N @ 207 ~
| | L B
= ! : —S— Pattern 1 = 0F /
-25 i1 |—S—Pattern 2
| | |-e—Pattern3 20
230 . L L ) ¥ . . )
445 44.75 45 45.25 455 445 44.75 45 4525 455
Frequency [Hz] Frequency [Hz]
(a) 5,=1X 107 (b) 73~1 X 10°*
Parameters
n [-] ¢1 ¢e
Mode number Jp [HZ] g % [m/N]
@ (®) '
1 45.0000 1102 1X10* 1107
2 45.0625 1X10? 1x10* 1 X107
3 45.1250 1102 1X10* 1107
Fig4 Modal properties and relation between the natural frequency f,, and the frequency resolutionAf. Figs.4(a) and (b) are

the conditions as 7,=1x10? and 7,=1x10™, respectively. Other parameters are shown in the table. In pattern 1, the
measurement frequency matches the natural frequency. In pattern 2, the difference between the measurement frequency
and the natural frequency is 1/44f. In pattern 3, the difference between the measurement frequency and the natural
frequency is 1/24f. The difference between the Figs.4(a) and (b) is the magnitude of the structural damping, however
it can be known that the top of the resonance peak of each patterns can be close as the structural damping coefficient

increase.
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(b) Standard deviation = 0.01
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Number of data [-] Number of data [-] Number of data [-]
Natural frequency Structural damping coefficient Residue
(¢) Standard deviation = 0.02
Fig.5

Relative error of each modal properties with/without measurement error in one-degree-of-freedom system. The
structural damping coefficient 7, is equal to 1x10% The modal parameters are identified using equation (6). The
measurement error is expressed by multiplying the random number to real and imaginary data of original FRF. Values

of measurement error is given by standard deviation. Figs.5(a), (b) and (c) show the case of standard deviation equal to
0.00, 0.01 and 0.02.
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—&— Pattern 1 —&— Pattern 1 —5— Pattern 1
—+— Pattern 2 —+— Pattern 2 —+— Pattern 2
&l —4&— Pattern 3 3] —&— Pattern 3 &3 —&— Pattern 3
= = =
] o o 4
=) g =)
Q (5] o 0
5] 2] 2]
2 .2 2
& -l & -3 &3 M
-2 -6 -6
5 10 15 20 5 10 15 20 5 10 15 20
Number of data [-] Number of data [-] Number of data [-]
Natural frequency Structural damping Residue

(¢) Standard deviation = 0.02
Fig.6 Relative error of each modal properties with/without measurement error in one-degree-of-freedom system. The
structural damping coefficient 7, is equal to 1x10*. The modal parameters are identified using equation (6). The
measurement error is expressed by multiplying the random number to real and imaginary data of original FRF. Values

of measurement error is given by standard deviation. Figs.6(a), (b) and (c) show the case of standard deviation equal to
0.00, 0.01 and 0.02.
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K5, 6 %MRT DL, /A XDIRBANRN & X ITTEA RS, MERER, BEREER< ETETH
5. (ko 1 B HEECIIREEICLEREE Z T PN RO 20BN B AT, ) A ZADOIBAN L THIEEMH
WCRAZENE END. FROBEEFHEDN/ NS WS AICIEREREN K E K A Z2RT. R(6) &2 EICFE LI-HE
IHEAEORE SICE BT, ZOL I RREEFRAE LW E0bs. £, EBRFRFIZBATS /A XD
REIPKREL 2D LT, FEARIEIIR L CREERHE & EORIEBENELT 5 Z LB bhDd. IHIT,
T OFBIIREEERMETHNIT LV KREL RDZENDND. ZORIEEZEZOWVTUIRGITATEH T —# 5
BaEOT 2 L CRIEHEZ A SETE D 2 Elbns.

3:2 HHHNDE—FEASHMNEALTWSBEN | BEHELEARBORERE

1 HHEEEZEAT 28ANIC BRI OT— ROGBIRBAL CWDEEEE 2 5. FRo X 51, ZO5M4:
35— NOEARELIE O BB IOV AOBERE N REWGAICRET S, A TIE3 HHEREZS X,
2OHDOE—7 BRERR LTV 1 HHEROT— NEEORIERSE & i X OBR 2 3HET 5.

MEEDOR R LT 5 3 BHERZX 713, BRI FREIX 025Hz C, fRATEIE X 44-46Hz 12 D 7R
N7y MTREINTE p IROFE— FEEDORIEIZOW TR 5. X 8(@), bIER(6) & K(7)DEA IEEE - %
TEREAORERE O 2R LT\ D. 728, FEBR FRF OFEH L EHOET — X2 ) A AERBASE5E
BT, A ADOKE SITEBOEREFAZHEAEL LT SD & LTHFEL WA, AlilIEA IR EZ P L
THARMEA LTZfT X 07 — 2 5] CTh Y, HEhiIFExFRRzEE2 R L 0D, K8@kv, Ke)icksd
[ E CIXEA RO RIER LR Th 5703, SRS OREREITT — & 5358 1 OINCEKFE L TEL
T2 Enbnd. AL DREIZHOWTHERFREROMER T 2 23, BEFHEDRIEREIZ W TER(T)D
FRRNWZ ERODD. ZHUIRND D BISOE— 3 2 RIRE & L RIRAPEE LCTRIEL TWAH720, fER
& U CHARI & SR ORI ERHENRLE L b0 L EZ NS, ko T, 1| HHEEREAFIN7E
FIHT D HMBMCThHDZ ENbot-. F7-, /A RAOKRXEIN0OEENE, T — & SED720 A RIER
JEMEWNE NI FERIZIRSTNDD, /A ANMADZ ETET LHEZDO L ) 2B TIE W2 E¥bind.

A IRENE) OB T U ONBRT 2T — X IZE D BHAOE— RGBT 5. 20720, [FHE
BT DT — 2T, FEICHNDET =2 8NP I IGTRERE 72D, —T5, A XBNRALTHDEEIC
ERTECib~_7= X O ICATX 2 K& L, AEICHWD T —4 s | #8N S5 N EEREEZIZ DT80
WITERITHY, FL—RET7OBURICH D Z ER3b0D. 2D, RITXEOT — X Sz Rz s 5 L,
FARFRAZE DR HIEI I MEZ £, X7 L0 pkE— FOE—27 Zdul b U URBEB RO IHENEE R & 72 55
BET =258 L= THY, EEBOSHRPER & 7255513 =13 £72%. K 8b)LV /A XDREANIZ L
O F— 2 BT CRYMEDEIE L TWAD Z L dbnd. ZORIMEIZEIO 5 2 512k > TEHELRT 52, B
LT 5E— REMRICH D KIHER LY bAOT—2 ZFHT 5 LREMHEKT AHEANCH H 2 Ei3bioT-.
TR LD AMIDOT —Z I ZBISNDOE— RORBFERRENT —Z Lo TNHT2DThDH. £DI-
O, TR & U I IHRM E CoXM 284 LT-.

X 912 (OB IO ZHEAH L7855 0% HBEROREM R Z T, B MaEIT 025Hz & LT, Ak
[X[#% 40Hz-50Hz, 7 —# ik L=41, FRF OIEH & EIICZAEFVEAMME 1, BEHERZE 0.02 DELEA T L2 b D
ZRHTHRIROIFEER FRF & L7z, X9 H1D@), OIIZNZNR(6), NEFHLIGEOMERL TS, EH5
BV UHREIZNOR L. FEHEEIXRRRE TH DA, MK LiHEREAE MR T D L, 24 R 8A Lo T
B0, RDOEFH L= IRERE WD &3O 5.

UEXY, /A4 X%ET%HHEERD FRE % LT 1 HHEROE— REEREZIT O 56, BIRAPES L O
FINEELEZE LR E, BHET5E— RSO E— 7 Btk O IR 2T X & 35 = & CRERE%
FAXTECINZ Db EEZ BND. REILIIEIRD) 2RI L CEARENL & sz [FE 5.
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Magnitude [dB]

i
=)
h

-

40 42 44

46 48
Frequency [Hz]

Parameters
Mode ¢r, ¢e,
S, [Hz] 7, —2—=L [m/N]
number k,
p-1 43.0000 5X10? 1X10%
P 45.0625 5X107? 1X10%
ptl 48.1250 5X10? 1x10%

50

Fig.7 FRF of the three degrees of freedom system for validation of one degree of freedom method. Modal parameters are

shown in the table. We want to identify the modal properties that constitute the central peak that p-th modal order,

however there are non-target mode components.

27 350 ¢
—5—SD=0
——SD=10.01 300
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o O M o 200f
o 4 3]
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= Es0¢
Q 5]
e -1} &~ —5-SD=0
100 | g —+—SD=0.01
e —&—SD=0.02
2L . . . 50— . ! :
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Number of data [-] Number of data [-]
Relative error of natural frequency Relative error of structural damping
(a) Using equation (6)
27 0r
— 4 '
B S
5 5
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o 0F o
2 —4—SD=0.02 2
5} Q0
-l &~
2 : : : -140 L— ' A :
5 10 15 20 5 10 15 20

Number of data [-]
Relative error of natural frequency

Number of data [-]

Relative error of structural damping

(b) Using equation (7)

Fig.8 Relative errors of modal properties with/without the consideration of the residual mass . and residual stiffness Z. In the

case with standard deviation equal to 0.02, the identification accuracy based on equation (7) that takes S and Z into

consideration improves.
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= 40 7 —o—FRF = 40 —o—FRF__
q —+—F RFana d — FRFana
-42 : : : ‘ : 42 : : : : :
40 42 44 46 48 50 40 42 44 46 48 50
Frequency [Hz] Frequency [Hz]
(a) Using equation (6) (b) Using equation (7)
Number of iterative calculation =24 Number of iterative calculation i=8
Evaluation of the error £=3.47 Evaluation of the error £=3.47
Relative errors [%]
(a) Using equation (6) (b) Using equation (7)
¢r,p¢e.p ¢r,p¢e,p
Mode number Jup [Hz] 7,[-] e [m/N] Joup [Hz] n,[-] T [m/N]
P p
1 0.00 -0.51 -0.11 0.12 1.04 1.09
2 -0.01 -1.91 -2.03 0.03 1.03 -1.87
-0.06 0.59 1.56 -0.02 1.55 1.26

Fig.9 Identification of modal parameters for three degree of freedom using the proposed method. Figs.9(a) and (b) are the
conditions using equation (6) and (7) for identification of natural frequency and structural damping, respectively. The
analysis frequency section is 40-50 Hz, the frequency resolution is 0.25Hz and the number of data is 41. The modal
parameters could be identified well in both equation (6) and (7), however it was found that it is better to use equation

(7) for convergence.

3:3 BEITIHEICHITHBYELHEDOIEYE

AENZBNWTIWIR E ) A ADOKRE IHMRET D TEOREV K LFFE ORI S 2 5 BT 5.
®E LT HIERFRF I 7 Db OZEH L, R4 0.00, 0.01, 0.03 &2 SH7=550RERIEZX 10 (12
R R, MEUERZE 0.02 DT — X IZOWTIEX 9b) S TE 5. MR 0.03 DG, EIREEICEE L 72
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WTHREHE LTV, A ANRKRELRDIZONT, =7 BARHAPRIC/R 5720, HHEEROREITEE LR
HThOEEZBND.

WIHERE R =% 0.02 & L, KT— FORGERREGREZ 8X 102, 5X103, 5X10* £ TEE L7=5E Of R4 X
11 RS, ARERERERES 5X 102 DLGEIZOWTIEK 9b) A TE 5. JMEIV NS WSERETIGRL TR Y,
D/ NE K T2 DIT O THE Y IR LEHREED D35 Z Lotz Ziud, BE—2»5Ediel, €— R
DEEINNE L Teol=Z LIZ LD, —TF, BIERDOF TR Lgo 73, TORIKIT ) A AO8E & [k,
HHEREZ 4 LEHAMEZ 2720 Th D, ARBE LI ) A AD5- 272 O%E, WENPRKE L RH1FEHREY
— 7 DHEMBEORIE LT L, A RORENHEE RIS D,
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PLED X Sz, HHEEEOHEREVEE Z 520 FAN TIE A ADOKE S X - TR L OFEEHEEIC
RERIAUITIRDD, BEN/NE L 2 DI O TURMEN [ 35 Z b otz. £72, /A AOEEHNNC

Lo THHEROHERIEOCARE LIS E, RERENMRFETE RN &b o7, AL Tl 8 H
FEEDRTETAEZ DWW TR 21T A TRV, SERBFTT REHERFETHL L ERD.

327
34}
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= 40 1 —o—FRF
¥ —t FRFana
-42
40 42 4 46 48 50 40 42 4 46 48 50 40 42 4 46 48 50
Frequency [Hz] Frequency [Hz] Frequency [Hz]
(a) SD=0.00 (b) SD=0.01 (c) SD=0.03
Number of iterative calculation =9 Number of iterative calculation =9 Not converging
Evaluation of the error £=0.02 Evaluation of the error £=7.15

Fig.10 Comparison of FRFs between experimental data and analytical data in the different measurement error values. The
measurement error is expressed by multiplying the random number to real and imaginary data of experimental FRF.
Values of measurement error is given by standard deviation. Structural damping coefficient of each mode in Figs.10 is
5%107% The analysis frequency section is 40-50 Hz, the frequency resolution is 0.25Hz and the number of data is 41.
Figs10(a), (b) and (c) are included in standard derivation equal to 0.00, 0,01, and 0.03. It was found that it is better in

FRF with low noise for identification accuracy.

-34 -20 -10
25}
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-42 -50 -60
40 42 4 46 48 50 40 42 4 46 48 50 40 42 4 46 48 50
Frequency [Hz] Frequency [Hz] Frequency [Hz]
(a) 17,=8x107 (b) 7,=5x107 (c) 17,=5X10"
Not converging Number of iterative calculation =4 Number of iterative calculation =3
Evaluation of the error £=3.89 Evaluation of the error £=2.03

Fig.1l Comparison of FRFs between experimental data and analytical data in the structural damping coefficient. Standard
derivation of each system in Figs.10 is standard derivation equal to 0.02. The analysis frequency section is 40-50 Hz,
the frequency resolution is 0.25Hz and the number of data is 41. Structural damping coefficients of Figs10(a), (b) and

(c) are 8x1072, 5x1073, and 5x10*. It was found that it is better in FRF with low structural damping coefficient for
identification accuracy.
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Magnitude [dB]

Magnitude [dB]

100

-100
35 40 45 50 55
Frequency [Hz] Frequency [Hz]
(a) High damping system (b) Low damping system
number of iterative calculation /=8 number of iterative calculation /=3
Evaluation of the error £=16.10 Evaluation of the error £=3.78
Parameters
7 [-] ¢1 ¢e
Mode number Joup [Hz] ’ % [m/N]
(@) (b) !

1 37.0000 5X10? 1X10° 1x10%

2 43.0000 5X10? 1X10° 1x10%

3 45.0625 5X107? 1X10° 1X10%

4 48.1250 5X107 1X10° 1x10%

5 52.0000 5X107? 1X10° 1X10%

Relative errors [%]
(a) High damping system (b) Low damping system
¢r,p¢e,p ¢r,p¢e,p
Mode number Sy [Hz] 1, —r [m/N] Jp [HZ] 1, —r [m/N]
P P

2 0.13 1.62 6.28 0.00 -1.06 -1.30
-019 -3.49 2.83 0.00 -0.02 -3.13
4 0.40 11.49 6.25 0.00 0.48 0.03

Fig.12  Identification of modal parameters for three degree of freedom in five degree of freedom using the proposed method.

Figs.12(a) and (b) are the conditions as 7,=5x10? and 7,=1x10™, respectively. Other modal parameters are shown in

the table. The analysis frequency section is 40-50 Hz, the frequency resolution is 0.25Hz and the number of data is 41.

It was found that modal parameters were identified with high accuracy.
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28 ¢ o 207
30} 1A o
5 5
= =
o 321 5 o 20
E " E
534 5 -40°
8 36 f —o—FRF_ 8 60t —o—FRF__
] —t FRFana : — FRFana
-38 -80
35 40 45 50 55 35 40 45 50 55
Frequency [Hz] Frequency [Hz]
(a) High damping system (b) Low damping system
number of iterative calculation /=11 number of iterative calculation /=3
Evaluation of the error £=10.08 Evaluation of the error £=9.21
Parameters
n [-] ¢r ¢e
Mode number S (Hz] i ;; £ [ m/N]
Q) (®) '
1 37.0000 6x107? 6x10* 1x108
2 40.2500 6x107? 6x10* 1.5x10%
3 43.0000 5X1072 5X10* 2x10°
4 45.0625 4X10? 4%10* 1x10%
5 48.1250 5X1072 5X10* 1.5x10°%
6 54.0000 8x10? 8x10* 1x108
Relative errors [%]
(a) High damping system (b) Low damping system
¢r,p¢e,p ¢r.p¢e,p
Mode number J,p [Hz] 1, k— [m/N] /., [Hz] 17, ——=[m/N]
r p
1 -0.05 0.11 4.00 0.00 0.31 -0.50
2 -0.02 -4.47 -0.47 0.00 3.93 7.45
3 -0.05 -6.25 -3.65 0.00 -1.19 0.75
4 0.03 -0.73 3.98 0.00 -2.35 -3.55
5 0.01 0.02 0.78 0.00 -0.57 0.18
6 0.36 591 6.50 0.00 3.04 7.18
Fig.13  Identification of modal properties for six degree of freedom using the proposed method. Modal parameters are shown

in the table. The analysis frequency section is 35-55 Hz, the frequency resolution is 0.25Hz and the number of data is

81. It was found that modal parameters were identified with high accuracy.
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Frequency [Hz] Frequency [Hz]
(a) High damping system (b) Low damping system
number of iterative calculation /=11 number of iterative calculation /=3
Evaluation of the error £=29.34 Evaluation of the error £=4.51
Parameters
n [-] ¢r ¢e
Mode number S (Hz] i ;; £ [ m/N]
(@) (b) ’
1 36.5000 4X10? 4x10* 1x10®
2 38.2500 6107 6x10* 1.5x10%
3 41.1250 5X107? 5X10* 2x108
4 43.0625 4X10? 4x10* 1x10®
5 45.6250 5X10? 5X10* 1.5x10%
6 48.0000 5%10? 5x10* 1.5x10%
7 51.0000 5X10? 5X10* 1.5x10%
8 53.0000 5X10? 5X10* 1x1078
Relative errors [%]
(a) High damping system (b) Low damping system
¢r.p¢e.p ¢l‘.p¢e.p
Mode number S [HZ] n,[-] T [m/N] /., [Hz] 1, e [m/N]
2 P
1 0.12 -15.34 -15.55 0.00 -1.37 -1.82
2 -0.22 2.64 9.93 0.00 091 332
3 0.05 -3.86 -2.90 0.00 -1.64 0.21
4 -0.19 -7.43 6.13 0.00 -1.35 -0.21
5 0.16 -12.15 -9.81 0.01 0.69 -0.97
6 -0.13 6.08 10.63 0.00 -1.91 -3.39
7 -0.04 -12.99 -18.40 0.00 -3.13 0.46
8 -0.05 13.68 16.74 0.00 -0.59 0.58

Fig.14  Identification of modal properties for eight degree of freedom using the proposed method. Modal parameters are shown

in the table. The analysis frequency section is 35-55 Hz, the frequency resolution is 0.25Hz and the number of data is

81. It was found that modal parameters were identified with high accuracy.
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5. #&

AAFFE CITHLE BRI W CERE R, KBERICED LT ERBEICE— N2 RE T2 LWSHBE

EICOWTORBEITo 2. BN ERT.

l.  ZHHEEDO—DTh LHE— FoBHEI SRS SRR OB & F5MOEr 25 H L7zE— NEEREE
(1 BHRERE) Z2#EHT22 LT, JEESR, ®EERCELLTEHEEICE— ML RIETE 2 L
R L2, BB LI FEEZEROZ A HEEE L i U CEM 72T — 27 ZBfEICIE X5 Z E R TE TV
RVMERER DL A HEROET— MEEZ FREICFRE CE, ZoHARBENES THHEThHL. MET
— X T — ROMMTIXENC/BE L, SAATXEOT—4% % 1 HHERE L CHEAREES L OSSR
I RD, BEIZOWTUIGEORET — ¥ Z#HICTLHRER & LT/ BEEFIH L CRET 5 51k
Thd. TOw, REEORTEREEIL 1 BHEEEICBT 2 EAREEE X O ERERE ORI EREIC
KIFT 5.

2. 1 HHEEZEHT 2T XENIC B OT— RORSPIRAL T D5A, BIIET5E— FOEARE
OB DIZ DR, BEISNDE— R OEEET — % ~DFGNREL b, —F, /A4 ABRAL
TWAEGAITIE 1 BHEEIC X ARERICHAT 2IET — 2 SN S W 5 R REREEZ R 57
OIZITERTH D, D728, BT —4 OXEOEEIZBWCTE— RO RIERBEICHTH /A4 XL
HHSDE— R K DFREDEEIT N L— RA 7 ORRIZH 5.

3. JARXDIRAICEY 1 BHEEEARICFIAT 20ET — % Ofci 2 XEIT R 525, BET5E— KD
HARRAT% O SR N S A DT — & T 5 & T— RO RIERENRKE L RD 2 L 2R L.

4. RFIEITBIT D RERFEONFHEIC OV T T — NEEO RO L & D e X R OfE
EREEE Lz, 2ol &, BHEROHIEMEOEZ S520EHAN T A4 AOKE S L > TUHMITE
DOHRROD, RIS AR DO TH MR [ LT 5 Z Edbd o7, ARIEY B 7= 5ifdsr i <l
W L7 OW TR EN BN\ L 2R L. —F, /A RO X - THHEROHER)E
WSFEAE LT3, ORT % Z 137 <, [AEREZRIECE 72u . AGRSCCIIRiE 722 B HEER OWRE ik
WZOWTIIMRFTEAT > TORWVD, SHBMBETT_REEELRFETH L EEZ LN,

5. EREOHIEFHFEICE 2MGEEL Y, mEGREEERERI 102 4 — 2 —)I6 L ORI RS2 10
~104 F—F )Rk TS HHERDET— FEERIENTTRETHDH Z L 2R LTZ

Stk FAEREICREREEL 525 LE2 b5 BHREROWREFTER, 1EROZ H HEEE L OHHRGEES

WZOWTHW AT PETH S.
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